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ON THE HOMOTOPY OF CLOSED MANIFOLDS AND FINITE
CW-COMPLEXES
YANG SU AND XIAOLEI WU
Abstract. We study the finite generation of homotopy groups of closed manifolds and
finite CW-complexes by relating it to the cohomology of their fundamental groups. Our
main theorems are as follows: when X is a finite CW-complex of dimension n and pi1(X) is
virtually a Poincare´ duality group of dimension ≥ n−1, then pii(X) is not finitely generated
for some i unless X is homotopy equivalent to the Eilenberg–MacLane space K(pi1(X), 1);
when M is an n-dimensional closed manifold and pi1(M) is virtually a Poincare´ duality
group of dimension ≥ n − 1, then for some i ≤ [n/2], pii(M) is not finitely generated,
unless M itself is an aspherical manifold. These generalize theorems of M. Damian from
polycyclic groups to any virtually Poincare´ duality groups. When pi1(X) is not a virtually
Poincare´ duality group, we also obtained similar results. As a by-product we showed that
if a group G is of type F and Hi(G,ZG) is finitely generated for any i, then G is a Poincare´
duality group. This recovers partially a theorem of Farrell.
Introduction
The homotopy groups pii(X) are important algebraic topological invariants associated to
a space X. The study of their properties is a major topic in topology. The first concern
is whether these abelian groups are finitely generated. Let X be a finite connected CW-
complex of dimension n. A celebrated theorem of Serre [23] says that when X is simply
connected, then all the homotopy groups of X are finitely generated. So it is a natural
question to consider the case when X is not simply connected. When pi1(X) is finite, one
can pass to the universal cover of X which is still a finite CW-complex, hence Serre’s
theorem applies. When pi1(X) is not finite, M. Damian did some interesting work on this
problem [6, 7]. One of his main results [7, Theorem 1.2] says that when X is a finite CW-
complex of dimension n and pi1(X) is a polycyclic group of Hirsch length ≥ n − 1, then
pii(X) is not finitely generated for some i ≥ 2 or X is aspherical. Recall that a topological
space is aspherical if its universal cover is contractible.
In this paper, we relate the (non)-finite generation of homotopy groups of closed man-
ifolds and finite complexes to the cohomology of their fundamental groups. The main
results extend Damian’s theorems [7, Theorem 1.2, 1.3, 1.4] to a much broader class of
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groups. For example, our theorems apply to the case when the fundamental group is virtu-
ally a Poincare´ duality group (see Definition 1.4), in particular it holds for the fundamental
group of any closed aspherical manifold.
It is well-known that any finitely presented group can be realized as the fundamental
group of a closed manifold of dimension ≥ 4. The following theorem considers the case
when the fundamental group is of type F (see Definition 1.3).
Theorem A. Let Mn be a closed n-dimensional manifold with pi1(M) = G, suppose G is of
type F, then
(a) if G is not a Poincare´ duality group, then pii(M) is not finitely generated for some
i ≥ 2 . Furthermore, if Hi(G,ZG) is finitely generated for all i ≤ [n/2], then pii(M)
is not finitely generated for some 2 ≤ i ≤ [n/2] ;
(b) if G is a duality group of dimension d such that d ≥ n − 1, then either pii(M) is not
finitely generated for some 2 ≤ i ≤ [n/2], or M itself is aspherical.
Remark 0.1. Note that the conclusions of the theorem still hold when the assumption is
virtually satisfied, i. e. if some finite index subgroup of pi1(M) satisfies the assumption. In
particular, this applies to polycyclic groups since they are virtually Poincare´ duality groups
([14, Theorem 2] and [1]).
Remark 0.2. If G is a Poincare´ duality group of dimension d then there exists a closed
manifold M with pi1(M) = G and pii(M) finitely generated for all i ≥ 2 (see Theorem E
below). From Theorem A (b) we see that either M is aspherical with fundamental group
G, or dimM ≥ d + 2. In the first case the Borel conjecture predicts that M is topologically
rigid. It would be interesting to have a structure theorem for the manifolds in the second
case. There are several works in this direction, including the classical fibration theorem
of Browder-Levine [3] saying that if G = Z then M is always a fiber bundle over S 1 with
simply-connected fiber, and the analysis of the toplogical rigidity of some classes of these
manifolds by Kreck and Lu¨ck [19].
Remark 0.3. Note that by a result of C. Stark * [26, Theorem 4.1] (see also Proposition
1.6), if the homotopy groups of a finite CW complex X are all finitely generated, then pi1(X)
is of type F∞.
In general, when the fundamental group is not necessarily of type F, we have the fol-
lowing.
Theorem B. Let Mn be a closed n-dimensional manifold with pi1(M) = G.
(a) Suppose that Hi(G,ZG) = 0 for all i ≤ d. If n ≤ d, then for some i, pii(M) is not
finitely generated. If n = d + 1 or d + 2, then either pii(M) is not finitely generated
for some i, or M is aspherical and G is a Poincare´ duality group of dimension n.
*We learned C. Starks results [26, Theorem 4.1] and [25, Corollary 2] (Compare Remark 0.5) after this work
was completed.
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(b) if Hi(G,ZG) is not finitely generated for some i, then pi j(M) is not finitely generated
for some j.
Example 0.4. The Thompson group F is a finitely presented group of infinite cohomolog-
ical dimension, but with the property that Hi(F,ZF) = 0 for all i [5, Theorem 7.2]. Now
part (a) of Theorem B implies that any closed manifold with fundamental group F can not
have finitely generated homotopy group in each dimension.
Similar to Theorem A, in the finite CW-complex case, we have the following(compare
[7, Theorem 1.2]).
Theorem C. Suppose that X is a finite CW-complex of dimension n and that pi1(X) is a
virtually Poincare´ duality group of dimension d. Then
(a) If d > n, then pii(X) is not finitely generated for some i ≥ 2.
(b) If d = n or n − 1, then pii(X) is not finitely generated for some i ≥ 2 unless X is a
K(pi1(X), 1) space.
In particular, when pi1(X) has torsion and d ≥ n − 1, the conclusion of (a) holds.
In general, if pi1(X) is not a virtually Poincare´ duality group, we have the following
theorem for finite CW-complexes.
Theorem D. Let G be a group and n be the smallest integer such that Hn+1(G,ZG) is not
finitely generated and X is a finite CW-complex of dimension ≤ n with fundamental group
G. Then for some i ≥ 2, pii(X) is not finitely generated.
Both Theorem C and Theorem D are proved by transforming the problem into the man-
ifold case. In general, it is an interesting problem to realize a given group as the fundamen-
tal group of manifolds satisfying certain topological conditions, such as knot complements
[15] or homology spheres [16]. From this point of view Theorem B leads to the following
question
Question I. Given a finitely presented group G of finite cohomological dimension, such
that Hi(G,ZG) is finitely generated for all i. Then does there exist a closed manifold M
with pi1(M) = G and pii(M) finitely generated for all i ≥ 2?
Remark 0.5. Note that Example 0.4 of the Thompson group shows that the condition that
G has finite cohomological dimension is necessary. On the other hand, by [25, Corollary
2], the question is the same as asking whetherG is a Poincare´ duality group.
We have an affirmative answer to this question in the case when G is of type F.
Theorem E. Let G be a group of type F, with Hi(G,ZG) finitely generated for all i. Then
(a) there exists a closed manifold M with pi1(M) = G and pii(M) finitely generated for
all i ≥ 2;
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(b) G is a Poincare´ duality group.
The second part of Theorem E recovers partially a theorem of Farrell [9, Theorem 3],
see Remark 4.4.
Remark 0.6. It is an open question whether a finitely presented Poincare´ duality group is
always the fundamental group of a closed aspherical manifold, see [8] and [21] for more
information.
Acknowledgements. Su would like to thank the Max-Planck Institute for Mathemat-
ics at Bonn for a research visit in August 2018. Su was partially supported by NSFC
11571343. Wu was partially supported by Prof. Wolfgang Lu¨ck’s ERC Advanced Grant
“KL2MG-interactions” (no. 662400) and the DFG Grant under Germany’s Excellence
Strategy - GZ 2047/1, Projekt-ID 390685813. The authors would like to thank Ross Ge-
oghegan for some helpful communications.
1. Basic definitions and results
In this section we collect some basic definitions and results that we may need later. For
more details see [4] and [17].
Definition 1.1. A CW-complex X is called finitely dominated if there is a finite CW-
complex K and two maps i : X → K, r : K → X such that r ◦ i is homotopic to idX .
Definition 1.2. A finitely dominated CW-complex X is called a Poincare´ duality space of
dimension n if there is a Zpi1(X)-module structure on Z and e ∈ Hn(X,Z) such that the
cap-product e ∩ −
Hi(X, A)→ Hn−i(X,Z ⊗ A)
induces isomorphisms for all i and all Zpi1(X)-modules A.
Definition 1.3. A group G is called of type F if it has a finite CW-complex model for
the Eilenberg–MacLane space K(G, 1). A group G is called of type F∞ if it has a CW-
complex model for the Eilenberg–MacLane space K(G, 1) with finitely many cells in each
dimension. A group G is called of type FP if the trivial ZG-module Z has a projective
resolution of finite type over ZG.
Definition 1.4. A group G is called a Poincare´ duality group of dimension n if K(G, 1) is
a Poincare´ duality space of dimension n. A group G of type FP is called a duality group if
there is an integer n such that Hi(G,ZG) = 0 for all i , n and Hn(G,ZG) is a torsion-free
abelian group.
Note that a Poincare´ duality group is a duality group with Hn(G,ZG)  Z [4, Section
VIII.10].
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Lemma 1.5. A simply connected finite dimensional CW-complex X is finitely dominated if
and only if X is homotopy equivalent to a finite CW-complex, if and only if pii(X) is finitely
generated for all i.
Proof The first “if and only if” follows from Wall’s finiteness theorem as X is simply
connected. Now if X is homotopy equivalent to a finite CW-complex, then by Serre’s mod
C theory ([23] or [24, Chapter 9 Section 6]), we have pii(X) is finitely generated for all i.
For the other direction, if pii(X) is finitely generated for all i, again by Serre’s Theorem,
we have Hi(X) is finitely generated for all i. In this case X has a minimal cell structure
consisting of finitely many cells in each dimension [13, Proposition 4C.1]. Since X is
finite dimensional, it is homotopy equivalent to a finite CW-complex. 
Combining Lemma 1.5 with [26, Theorem 4.1], we have the following.
Proposition 1.6. Let X be a finite CW-complex and X˜ be its universal cover. Suppose pii(X˜)
is finitely generated for all i, then pi1(X) is a group of type F∞.
Proof By Lemma 1.5 we have the universal over of X is homotopy equivalent to a finite
CW-complex. By [26, Theorem 4.1], pi1(X) is of type FP∞. By [4, Proposition VIII.4.3],
we have pi1(X) is of type FL∞. But since X is a finite CW-complex, pi1(X) is finitely
presented. Hence by [4, Theorem VIII.7.2], pi1(X) is of type F∞. 
2. A technical theorem
In this section, we prove a technical theorem, which provides the algebraic ingredients
for the proof of our main results. We first need a sequence of lemmas for calculating the
Ext functor.
Lemma 2.1. Let G be a group such that Hi(G,ZG) is finitely generated for a given i, A be
a ZG-module whose underlying abelian group is finitely generated free. Then ExtiG(A,ZG)
is also finitely generated.
Proof Note first that when A = Z and G acts trivially, ExtiG(A,ZG)  H
i(G,ZG) which
is finitely generated by assumption.
In general we have ExtiG(A,ZG)  H
i(G,Hom(A,ZG)) (c. f. [4, III.2.2, p.61]), whereG
acts diagonally on Hom(A,ZG). There are the following ZG-module isomorphisms
Hom(A,ZG)  Hom(A,Z) ⊗ ZG  Hom(A,Z)0 ⊗ ZG  (ZG)
r
where Hom(A,Z)0 is the trivial ZG-module and the second ismorphism is by [4, III.5.7,
p.69], and r is the rank of A as a free abelian group. Therefore
ExtiG(A,ZG)  H
i(G, (ZG)r)  Hi(G,ZG)r
and the lemma now follows. 
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Lemma 2.2. Let G be a group and i be an integer such that Hi(G,ZG) and Hi−1(G,ZG)
are both finitely generated. Let A be a ZG-module whose underlying abelian group is finite.
Then ExtiG(A,ZG) is also finitely generated.
Proof We first show the lemma when G acts on A trivially. For that, we only need to
prove the case when A is a finite cyclic group. Suppose A  Z/k, we have a short exact
sequence (of trivialG-modules)
0→ Z
k
→ Z→ Z/k → 0
Apply the functor HomG(−,ZG), we get a long exact sequence
· · · → ExtiG(Z/k,ZG)→ Ext
i
G(Z,ZG)→ Ext
i
G(Z,ZG)→ Ext
i+1
G (Z/k,ZG) · · ·
By the assumption ExtiG(Z,ZG) is finitely generated for i and i − 1. Thus Ext
i
G(Z/k,ZG) is
also finitely generated.
Now we deal with the general case. Since A is a finite group, its automorphism group is
also finite. Thus, we can choose a finite index subgroupH ofG such that H acts trivially on
A. Note that since H is a finite index subgroup ofG, HomH(ZG,ZH)  ZG ⊗ZH ZH  ZG
(c. f. [4, III.5.9]). By Eckmann-Shapiro Lemma (c. f.[2, Corollary 2.8.4]), we have
ExtiH(A,ZH)  Ext
i
G(A,HomH(ZG,ZH))  Ext
i
G(A,ZG)
therefore ExtiG(A,ZG) is finitely generated. 
Note that the arguments in the proof also show the following lemma, since by definition
Hi(G,ZG) = ExtiG(Z,ZG) where Z is a constant ZG-module.
Lemma 2.3. Let H be a finite index subgroup in G, then for any given i, Hi(G,ZG) is
finitely generated if and only if Hi(H,ZH) is finitely generated.
Proposition 2.4. Let G be a group and i be an integer such that Hi(G,ZG) and Hi−1(G,ZG)
are both finitely generated, A be a ZG-module whose underlying abelian group is finitely
generated. Then ExtiG(A,ZG) is also a finitely generated abelian group.
Proof Since the torsion subgroup T of A is a ZG submodule of A, we have the follow
short exact sequence
0→ T → A→ A/T → 0
Now as abelian groups, T is finite, A/T is finitely generated free. Apply the functor
HomG(−,ZG), we get a long exact sequence, and the proposition follows now from Lemma
2.1 and Lemma 2.2.

Note that the proof of Proposition 2.4 also shows the following which will be useful
later to prove part (a) of Theorem B.
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Proposition 2.5. Let G be a group such that Hi(G,ZG) = 0 for any i ≤ n and A is a finitely
generated abelian group with a ZG-module structure. Then ExtiG(A,ZG) = 0 for any i ≤ n.
We are now ready to show the following.
Theorem 2.6. Let M be a closed manifold of dimension n with fundamental group G, and
Hi(G,ZG) is finitely generated for all i ≤ [n/2]. If for 2 ≤ i ≤ [n/2], pii(M) is finitely
generated, then pii(M) is finitely generated for all i.
Proof. We may assume M is orientable by passing to an index two cover. In doing so the
finite generation of Hi(G,ZG) is not affected by Lemma 2.3. By Serre’s theorem the uni-
versal cover M˜ has finitely generated pii(M)  pii(M˜) for all i ≥ 2 if and only if Hi(M˜,Z)
is finitely generated for all i ≥ 2 [24, Chapter 9 Section 6 Theorem 21]. Let Λ = Zpi1(M)
be the group ring, fix a CW-structure on M (see for example [13, Corollary A.12]), then
Hi(M˜;Z) is isomorphic to the cellular homology Hi(M,Λ). Since M is closed and ori-
entable, by Poincare´ duality, we have Hi(M,Λ)  H
n−i(M,Λ). So we only need to show
for i ≤ [n/2], Hi(M,Λ) is finitely generated.
We have a Universal Coefficient Spectral Sequence (see [11, Chapter I, Theorem 5.5.1]
or [20, Theorem (2.3)]), which converges to Hi(M,Λ), with E2-terms
E
p,q
2
= Ext
q
Λ
(Hp(M˜),Λ)
Since we know already that pip(M) is finitely generated for 2 ≤ p ≤ [n/2], by Serre’s the-
orem Hp(M˜) as an abelian group is finitely generated for p ≤ [n/2]. Now since H
i(G,ZG)
is finitely generated for any i ≤ [n/2], by Proposition 2.4, each term in the E2-page of the
spectral sequence is also finitely generated as long as p ≤ [n/2] and q ≤ [n/2]. Thus for
i ≤ [n/2], the limit group Hi(M,Λ) is finitely generated. 
Remark 2.7. Note that Poincare´ duality groups satisfy the condition that Hi(G,ZG) is
finitely generated for all i; duality groups also satisfy the condition in our theorem if the
dimension of the group is > [n/2] (see Definition 1.4).
Remark 2.8. When G does not satisfy the condition that Hi(G,ZG) is finitely generated
for any i ≤ [n/2], then Theorem 2.6 is not true in general. For example, take M to be the
connected sum of two copies of S 1 × S d for some d ≥ 3. Then pii(M) = 0 for 2 ≤ i ≤ d − 1
but pid(M) is a free abelian group of infinite rank.
3. The manifold case
In this section we prove our main theorems in the manifolds case. There are two main
ingredients in the proof. The algebraic one we have already presented in Section 2. The
geometric one is the following theorem on fibration of Poincare´ duality spaces, first an-
nounced by Quinn [22, Remark 1.6], for a proof see Gottlieb [12] or Klein [18, Corollary
F].
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Theorem 3.1. Let F → E → B be a fibration such that F, E, B are finitely dominated
CW-complexes. Then E is a Poincare´ duality space if and only if F and B are Poincare´
duality spaces. When E is a Poincare´ duality space of dimension n, the sum of the duality
dimensions of F and B is also n.
Corollary 3.2. Let Mn be a closed manifold such that pi1(M) is the fundamental group of
a finite aspherical CW-complex B.
(a) If B is not a Poincare´ duality space, then pii(M) is not finitely generated for some
i ≥ 2;
(b) If B is a Poincare´ duality space of dimension d with d ≥ n− 1, then either pii(M) is
not finitely generated for some i ≥ 2, or M is homotopy equivalent to B.
Proof. Since pi1(M)  pi1(B), we have a map f : M → B which induces isomorphism on
pi1. Let F f be its homotopy fiber, then F f is homotopy equivalent to the universal cover M˜
of M. Assume now pii(M) is finitely generated for all i ≥ 2, by Lemma 1.5, M˜ is homotopy
equivalent to a finite CW-complex. Now by Theorem 3.1, we have F f and B are Poincare´
duality spaces and the duality dimension of F f is n−d. Note that by assumption n−d ≤ 1.
If n − d = 0, then F f is homotopy equivalent to a point since it is simply connected.
Therefore,M and B are homotopy equivalent. When n−d = 1, then H1(F f ,Z)  Z since it
is a Poincare´ duality space, which is contradicting to the fact that F f is simply connected.

Note that now Theorem A follows from Corollary 3.2 and Theorem 2.6, as duality
groups of dimension d ≥ n− 1 satisfy the condition that Hi(G,ZG) is finitely generated for
i ≤ [n/2]. The only exceptional case is when n = 2. But in this case the theorem follows
directly from the classification of surfaces.
We now proceed to prove Theorem B.
Proof of part (a) of Theorem B . Suppose pii(M) is finitely generated for any i, by Serre’s
theorem, Hi(M˜) is finitely generated for any i. We have a Universal Coefficient Spectral
Sequence, which converges to Hi(M,ZG), with E2-terms
E
p,q
2
= Ext
q
ZG
(Hp(M˜),ZG)
Since Hi(G,ZG) = 0 for any i ≤ d, we have Ext
q
ZG
(Hp(M˜),ZG) = 0 for any q ≤ d by
Proposition 2.5. Hence Hi(M,ZG) = 0 for any i ≤ d.
If n = d, then Hi(M˜,Z)  Hi(M,ZG)  H
n−i(G,ZG) = 0 for any i. But this is a
contradiction since H0(M˜,Z)  Z.
Now we assume n = d + 1. Then Hi(M˜,Z)  Hi(M,ZG)  H
d−i(M,ZG) = 0 for any
i ≥ 1. This implies M is aspherical, in particular,G is a Poincare´ dualtiy group. The same
argument works for n = d + 2 as we know already M˜ is simply connected. 
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Remark 3.3. Note that for a finite group G, we have H0(G,ZG)  Z [10, Proposition
13.2.11] and Hi(G,ZG) = 0 for any i > 0 [10, Proposition 13.3.1]. On the other hand,
whenG is not finite, H0(G,ZG) = 0 [10, Proposition 13.2.11].
Remark 3.4. Part (a) of Theorem A now also follows from part (a) of Theorem B and
Theorem 2.6 which are independent of Theorem 3.1.
Part (b) of Theorem B is a special case of the following theorem using Lemma 1.5.
Theorem 3.5. Let X be an n-dimensional finite Poincare´ complex. Let N be a normal
subgroup of pi1(X) with quotient G, and XN be the corresponding cover. If XN is finitely
dominated, then Hi(G,ZG) is a finitely generated abelian group for all i.
Proof. If G is a finite group, the theorem automatically holds. So we assume from now on
G is an infinite group, in particular Hn(XN ,Z) = 0.
Apply the Leray-Serre spectral sequence to the fibration XN → X → BG, we have
E
p,q
2
= Hp(G,Hq(XN ;ZG)) and the spectral sequence coverges to the graded groups of
a filtration of Hi(X;ZG). By Poincare´ duality and [10, Corollary 13.2.3] Hi(X;ZG) 
Hn−i(X,ZG)  Hn−i(XN) which is a finitely generated abelian group since XN is finitely
dominated. Note also that Hp(G,H0(XN ;ZG))  H
p(G,ZG).
For i = 0, we have 0 = Hn(XN ,Z) = E
0,0
∞ = E
0,0
2
= H0(G,H0(XN ;ZG))  H
0(G,ZG).
For i = 1, we have E1,0∞ = E
1,0
2
= H1(G,H0(XN ;ZG))  H
1(G,ZG), E1,0∞ is a subgroup
of Hn−1(XN) hence finitely generated.
We proceed by induction. Assume that Hi(G,ZG) is finitely generated for i < k. Now
Ek,0∞ is a subgroup of Hn−k(XN), hence finitely generated. Note that E
k,0
∞ is a quotient of
E
k,0
2
= Hk(G,H0(XN ;ZG)) = H
k(G,ZG). The differentials ending at the position (k, 0)
come from the line p + q = k − 1. Hence we only need to show that all the E2-terms
E
p,q
2
= Hp(G,Hq(XN ;ZG)) are finitely generated for p < k − 1.
By the universal coefficient theorem there is a short exact sequence
0→ Ext1(Hq−1(XN),ZG)→ H
q(XN ,ZG)→ Hom(Hq(XN),ZG)→ 0
which is an exact sequence ofG-modules by naturality. This induces a long exact sequence
· · · → Hp(G,Ext1(Hq−1(XN),ZG))→ H
p(G,Hq(XN ,ZG))→ H
p(G,Hom(Hq(XN),ZG)) · · ·
We have Hom(Hq(XN),ZG)  Hom(Hq(XN),Z) ⊗ ZG  (ZG)
r for some integer r. There-
fore by the inductive assumption Hp(G,Hom(Hq(XN),ZG)) is finitely generated for p < k
and any q. We only need to show Hp(G,Ext1(Hq−1(XN),ZG)) is finitely generated for
p < k − 1.
Notice thatHq−1(XN) is a finitely generated abelian group, we have Ext
1(Hq−1(XN),ZG) =
Ext1(A,ZG), where A is the torsion part of Hq−1(XN). Here A as an abelian group is fi-
nite. Let A0 be the underlying abelian group of A. Then as G-modules Ext
1(A,ZG) 
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Ext1(A,Z) ⊗ ZG  A ⊗ ZG  A0 ⊗ ZG. Let 0 → Z
s
→ Z
s
→ A0 → 0 be a free resolution
of A0 over Z, then from the short exact sequence of G-modules
0→ (ZG)s → (ZG)s → A0 ⊗ ZG → 0
and the assumption that Hp(G,ZG) is finitely generated for p < k, it’s easy to see that
Hp(G, A0 ⊗ ZG) is finitely generated for p < k − 1. Therefore H
p(G,Ext1(Hq−1(XN),ZG))
is finitely generated for p < k − 1 by Proposition 2.4. This finishes the proof. 
4. The finite CW-complex case
In this section, we prove our main results for finite CW-complexes. We also discuss the
problem of constructing manifolds with finitely dominated universal cover.
We first generalize [7, Theorem 1.2] from polycylic groups to any virtually Poincare´
duality groups.
Proof of Theorem C. With the help of Theorem 3.1 and 2.6, the proof now follows
similarly to the arguments in [7, p.1797-1798]. We will assume pi1(M) is a Poincare´ duality
group. The general case follows easily from this. In fact, we will assume that pi1(M) is an
orientable Poincare´ duality group (i.e. the ZG-module structure on Z is trivial in Definition
1.4) as we can always pass to an orientable index two subgroup.
Suppose pii(X) is finitely generated for all i ≥ 2. By simplicial approximation we may
assume that X is a finite simplicial complex. Embed X in an Euclidean space R2n+r+1 for
some r ≥ 0 which will be fixed later in the proof. Let W be a regular neighbourhood of X
and denote by M2n+r the boundary of W. Then it is a standard fact that X is a deformation
retract of W, and the inclusion map M → W is (n + r)-connected. Therefore pii(M) is
finitely generated for i ≤ n + r − 1. If r ≥ 2, then n + r − 1 ≥ [(2n + r)/2], by Theorem
2.6 pii(M) is finitely generated for all i. Therefore M˜ is homotopy equivalent to a finite
CW-complex. Apply Theorem 3.1 to the fibration sequence M˜ −→ M −→ Bpi1(X), where
Bpi1(X) is a model for K(pi1(X), 1), we see that M˜ is homotopy equivalent to a Poincare´
duality complex of dimension 2n + r − d, in particular H2n+r−d(M˜)  Z.
Case (a): when d > n, we have 2n+ r−d ≤ n+ r−1, hence H2n+r−d(M˜)  H2n+r−d(W˜) 
H2n+r−d(X˜) by the Whitehead theorem. On the other hand, if we choose r to be bigger than
d−n, we have 2n+r−d > n = dim X, so H2n+r−d(X˜) vanishes. This leads to a contradiction.
Case (b): when d = n or n− 1, the Poincare´ duality dimension of M˜ is n+ r+ 1 or n+ r.
Since the map M → W is (n + r)-connected and X is an n-dimensional complex, Hi(M˜,Z)
vanishes for i = n+1, n+2, · · · , n+r−1. By the universal coefficient theorem and Poincare´
duality it is easy to see that Hi(M˜,Z) also vanishes for i = n−d+1, · · · , n−d+ r−2. Now
n− d + 1 = 1 or 2, and M˜ is simply connected, hence for r sufficiently large Hi(M˜) = 0 for
all 1 ≤ i ≤ n. But Hi(X˜)  Hi(M˜) for i ≤ n, this implies that X˜ is contractible. Therefore X
is a K(pi1(X), 1) space. 
The first part of Theorem E is a special case of the following theorem.
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Theorem 4.1. Let X be a n-dimensional finite CW-complex such that pi1(X) = G and pii(X)
is finitely generated for all i. If Hi(G,ZG) is finitely generated for all i ≤ n, then we can
find a closed manifold M of dimension 2n + 1 such that pi1(M) = G and pii(M) is finitely
generated for any i.
Proof We can assume n ≥ 2. Embed X into an Euclidean space R2n+2. Let W be a
regular neighbourhood of X and denote by M2n+1 the boundary ofW. Similar to the proof
of Theorem C, W is a deformation retract of X and the inclusion map M → W is (n + 1)-
connected, therefore pii(M) is finitely generated for any 2 ≤ i ≤ n. Note that n ≥ [
2n+1
2
], by
Theorem 2.6, we have pii(M) is finitely generated for all i ≥ 2. 
Remark 4.2. Note that Theorem 4.1 implies that, to answer Question I, it suffices to find
a finite CW-complex X with fundamental groupG such that pii(X) finitely generated for all
i.
Corollary 4.3. Let X be a finite CW-complex with fundamental group the Thompson group
F, then for some i ≥ 2, pii(X) is not finitely generated.
Proof Suppose pii(X) is finitely generated for all i. Since H
i(F,ZF) = 0 for any i [5,
Theorem 7.2], by Theorem 4.1, we have a manifoldM with fundamental group F such that
pii(M) is finitely generated for all i. Now by Theorem B (a), we have M is aspherical and
F is a Poincare´ duality group which is a contradiction. 
Proof of Theorem D . Suppose pii(X) is finitely generated for any i ≥ 2, Theorem 4.1 im-
plies there is a closed manifold M2n+1 with fundamental groupG such that pii(M) is finitely
generated for all i ≥ 2. But then part (b) of Theorem B says Hi(G,ZG) must be finitely
generated for all i. 
Proof of Theorem E (b). By part (a), we can find a closed manifold M such that pii(M) is
finitely generated for all i. Hence the universal cover M˜ of M is homotopy equivalent to a
finite CW-complex. Now consider the following fibration sequence
M˜ −→ M −→ Bpi1(M)
Where Bpi1(M) is a model for K(pi1(M), 1). By Theorem 3.1, we have Bpi1(M) is a Poincare´
duality space. Hence G is a Poincare´ duality group. 
Remark 4.4. This recovers partially a result of Farrell [9, Theorem 3]. Recall Farrell’s
theorem says the following: let G be a group of type F and n be the smallest integer such
that Hn(G,ZG) , 0, if Hn(G,ZG) is a finitely generated abelian group, then G is Poincare´
duality group.
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